The total energies and various bound state properties of the excited 2 1 S(L = 0)−states in two-electron helium atoms, including the ∞ He, 4 He and 3 He atoms, are determined to very high numerical accuracy. The convergence of the results obtained for some electron-nuclear and electronelectron expectation values and, in particular, for the electron-nuclear and electron-electron cusp values, is discussed. The field component of the isotope shift and lowest order QED correction are estimated for the 2 1 S(L = 0)−states in the 4 He and 3 He atoms. We also apply our highly accurate methods to numerical computations of the excited n 1 S−states (for n = 3 and 4) in two-electron atomic systems. PACS number(s): 31.15.ac, 31.15.ae and 31.30.Gs
I. INTRODUCTION
In this communication we consider the bound state properties of the excited 2 1 S(L = 0)−states in two-electron helium atoms: ∞ He, 4 He and 3 He. In our previous work [1] we have performed highly accurate computations for the ground 1 1 S(L = 0)−state and for the triplet 2 3 S(L = 0)−states in a number of helium-like ions. Another work [2] contains highly accurate results for the singlet 2 1 P (L = 1)− and triplet 2 3 P (L = 1)−states in helium atom(s). In this study we want to consider the excited 2 1 S(L = 0)−states in two-electron helium atoms. Our current interest to the excited 2 1 S(L = 0)−states in the He atoms stems from the following. First, many bound state properties of the excited 2 1 S(L = 0)−states in helium atoms have not been computed in earlier studies (see, e.g., [3] , [4] and references therein).
Second, there is a common believe that construction of highly accurate wave functions for the excited states in two-electron atoms and ions is a significantly more complicated process than in the case of the lowest states with the same L and S quantum numbers. Here and below the notations L and S designate the quantum numbers of total angular momentum and electron spin, respectively (see, e.g., [5] and [6] ). Most of the expected complications most likely arise from various numerical instabilities which become crucial during optimization of the non-linear parameters in the wave functions. Indeed, the repeated optimization and re-optimization of the non-linear parameters in the wave function is a potentially unstable process for the excited states. Formally, by optimizing these parameters we are trying to decrease the second, third, . . ., n − th eigenvalue, i.e. the second, third, etc, root of the eigenvalue equation. The orthogonality of the wave functions of the excited states to the wave function of the ground state is not checked during such an optimization. This means that after a few steps of the optimization of non-linear parameters the process of construction of a highly accurate wave function for an excited state may begin to converge to the ground state wave function. This 'instability' problem explains a relatively modest progress achieved in highly accurate calculations of the excited states in comparison to the ground state.
Third, it is commonly assumed that, for some unexplained reasons, the overall convergence rate for bound state properties of the excited atomic states will be substantially lower than analogous convergence rate for the same properties determined for the lowest energy state with the same L and S numbers. This problem has not been studied carefully in earlier works. It can be answered by computing a large number of bound state properties for the excited 2 1 S−state in the He atom(s) with the use of different number of basis functions.
II. METHOD
Our computational goal in this study is to determine the highly accurate solutions, i.e. the eigenstates and corresponding wave functions, of the non-relativistic Schrödinger equation
, where E < 0 [7] , for 2 1 S(L = 0)−state(s) in the neutral helium atom. For an arbitrary two-electron atomic system with the nuclear charge Qe the non-relativistic Hamiltonian is written in the following form
In this study the unknown wave functions are approximated with the use of exponential variational expansion in relative coordinates r 32 , r 31 and r 21 . For the excited 2 1 S(L = 0)−states, the exponential variational expansion for the spatial part of an arbitrary twoelectron wave function takes the form [8] 
where C i are the linear (or variational) parameters, α i , β i and γ i are the non-linear parameters (i = 1, 2, . . . , N) of variational expansion, Eq.(3). The operatorP 21 is the permutation of the two identical (1 and 2) particles (electrons) in the symmetric two-electron ions. In this equation u 1 , u 2 , u 3 are the three perimetric coordinates which are truly independent and simply related to the three relative coordinates:
(r ik + r ij − r jk ). The inverse relation takes the form r ij = u i + u j , where (i, j, k) = (1, 2, 3). Note that each of the perimetric coordinates varies between 0 and +∞.
In general, by using the variational expansion, Eq.(3), it is possible to construct extremely accurate wave functions for the S(L = 0)−states in arbitrary three-body systems, if (and only if) the non-linear parameters α i , β i and γ i in Eq.(3) are varied. In this study we shall use the numerical methods and optimization strategy developed in our earlier work [8] . The procedure developed in [8] allows one to produce extremely accurate (or essentially exact)
variational results for arbitrary three-body systems, including the Ps − and H − ions [9] .
Many of these systems, however, have either one ground bound 1 1 S−state, or a few bound states with different L and S quantum numbers. For two-electron atoms and ions which have infinite numbers of excited states we modified our strategy developed in [8] to provide a better numerical stability during each step of optimization.
III. PROPERTIES
The results of our variational calculations for the excited 2 1 S(L = 0)−state in the helium atom with infinitely heavy nucleus, i.e. in the ∞ He atom, can be found in Table I Tables I and II Tables I and II include the electron-nuclear (ν 31 ) and electron-electron (ν 21 ) cusp values [10] , [11] :
where δ(r ij ) = δ ij is the appropriate delta-function and (ij) = (31), (21) . In this study we shall assume that all point particles interact with each other by the Coulomb potentials.
Therefore, the expected (exact) two-particle cusp equals ν ij = q i q j m i m j m i +m j [10] , [11] , where q i , q j are the particle's charges and m i , m j are their masses. For the considered singlet 
where M ≫ 1 and Q is the nuclear electric charge. The coincidence between the expected and computed cusp values provides a very convenient, accurate and universal criterion to control the overall quality of the wave function constructed in our computations. In general, the electron-electron cusp is a better criterion of the overall quality of the variational wave function than the electron-nuclear cusp. This means that in actual calculations it is much harder to obtain a good/excellent agreement for the electron-electron cusp, than a similar agreement for the electron-nuclear cusp. 
where (i, j, k) = (1, 2, 3). The τ ij expectation values are always ≤ 1. The absolute value of τ 21 (≡ τ 12 ) can be considered as an 'ideal' measure of the static electron-electron correlations in the two-electron atomic systems. Let us define the quantity f which is expressed in terms of the relative coordinates (r 31 , r 32 , r 21 ) or perimetric coordinates (u 1 , u 2 , u 3 ) as follows:
It can be shown that the equality
holds for arbitrary three-body system. For the two-electron (i.e. symmetric) ions/atoms we always have τ 32 = τ 31 , and therefore, τ 21 + 2τ 31 = 1 + 4 f . It can be also shown that in an arbitrary Coulomb three-body system 0 ≤ f < 0.085. The f value can be calculated either directly from Eq. (7), or by applying the expectation values of the cosine functions τ ij computed earlier. The coincidence of these two values of f indicates that the τ 32 , τ 31 , τ 21 and f expectation values have been computed correctly.
The virial factor η in Table II is determined as follows:
where T and V are the expectation values of the kinetic and potential energy, respectively.
The deviation of the factor η from zero indicates, in principle, the overall quality of the variational wave function used [14] . In particular, for the wave functions used in our present calculations, the virial parameters η is in the range 1 · 10
, showing that our wave functions are highly accurate.
Note that some of the bound state properties from Table II 
and
here and everywhere below the notation a · b stands for the scalar product of the a and b
where (i, j, k) = (1, 2, 3). In the gradient form this equality takes the form
where
) are the single-particle kinetic energies. In the general case, the both sides of the equalities Eqs. (13) - (14) can be computed separately, i.e. such relations can be also used to control the overall quality of the variational wave function. The p 1 · p 2 expectation value can also be used as a measure of the dynamical electron-electron correlation in the two-electron ions. It should be noticed that there is an obvious difference between the p 1 Ψ | p 2 Ψ and Ψ | p 1 · p 2 | Ψ expectation values. In fact, these two expectation values differ from each other by sign, i.e.
A. Singular expectation values
All expectation values mentioned above are regular, i.e. their analytical and/or numerical computation is relatively simple. A few expectation values from Table II, 
The Γ −2,0,0 (a, b, c; ǫ) integral is represented as the sum of its regular (R) and singular (S)
where ψ(n) is the digamma function [15] (or psi−function defined in Eq.(8.360) from [16] ).
Note that ψ(1) = −γ E , where γ E ≈ 0.577215 . . . is the Euler's constant. The R (ln) −2,0,0 (a, b, c) term is the 'logarithmic' term which contains the ln(a + c) and ln(a + b) expressions, i.e.
The second order derivative of the regular part is
The expectation values of both sides of this equation are
In the exponential basis the 4 (b+c) 3 matrix elements correspond to the δ(r 32 ) delta-function multiplied by a factor of 4π. The corresponding expectation value is
Analogously, the expectation value of the singular part is
where δ(r 32 ) is the expectation value of the δ(r 32 ) delta-function.
As follows from the definition Γ −2,1,1 (a, b, c; ǫ
is the regular expression and it has the finite limit when ǫ → 0. 
This expression is considered as the expectation value of the
| Ψ R (27) Note that in contrast with the expectation values of regular operators the 
Note also that in Eq.(23) the second order derivative is
It is easy to understand that this formula is computationally unstable, when c → b. Indeed, both the numerator and denominator in this formula → 0 when c → b. This produces some troubles in actual calculations. The transformation of this formula to the computationally stable form when c → b can be found in [17] . The most detailed analysis of various singular integrals arising in two-electron atomic problems can be found in [18] .
IV. CORRECTIONS TO THE TOTAL ENERGY
The expectation values from Table II can be used to determine some actual properties of the helium atoms in the 2 1 S−state. Here by the 'actual properties' we mean some linear combinations of our expectation values which can be measured in modern experiments.
The most important of such properties are various lowest order corrections to the total non-relativistic energies. Formally, by computing all possible lowest order corrections, e.g., relativistic and quantum electrodynamics corrections, mass corrections, etc, we must obtain the exact agreement with the energies measured in high precision experiments. In this Section we consider a few such corrections to the non-relativistic atomic energies of the The general theory of the field shift has been discussed extensively in a number of works (see, e.g., [19] , [20] , [21] and references therein).
In our earlier work [22] we obtained the following expression for the field shift (in atomic units) of the bound S(L = 0)−states in light atoms and ions (with Q ≤ 6)
where Q is the nuclear charge and R is the nuclear radius. Our formula for the field shift E f s M follows from the well known expression obtained by Racah, Rosental and Breit (see, e.g., [19] ). Its explicit derivation can be found in the Appendix. The parameter λ and related factor ξ = is the classical electron radius. In general, the nuclear radius R ≈ r e and its actual value depends upon the total number of nucleons A in the nucleus (R ∼ A and R( 4 He) = 1.6773 f m [24] (see also [25] and [26] ). We have also selected zero value for the parameter λ, i.e. ξ = 1 in Eq. (30) . This means that the uniform (or r−independent)
proton density distribution over the volume of the nucleus is assumed for each of the 3 He and where α is the fine structure constant, Q (= 2) is the nuclear charge and S is the total spin of two electrons. For the singlet states we always have S = 0. Also, in this formula ln K 0 is the Bethe logarithm [5] , which is represented in the form ln K 0 = ln k 0 +2 ln Q, where ln k 0 is the charge-reduced Bethe logarithm. Our current numerical evaluation of the charge-reduced For the two-electron helium atoms with the finite nuclear masses we need to determine the corresponding finite mass correction (or recoil correction, for short). The recoil correction to the lowest order QED correction in the case of S(L = 0)−states in two-electron atoms/ions is represented in the form [27] (in atomic units):
where ∆E (3) is the expression from Eq.(31), while M (M ≫ 1) is the nuclear mass (expressed in the electron mass m e ). By using our expectation values from Table II Table II allows us to determine various lowest order relativistic, QED and mass corrections to the total energies of the 2 1 S−state(s)
in the ∞ He, 4 He and 3 He atoms.
In our extensive numerical calculations of the excited n 1 S−states of the He atom(s) we have found no additional complications for our highly accurate procedure which is based on careful optimization of many non-linear parameters at small and intermediate dimensions.
Briefly, this means that 'instability problem' mentioned in the Introduction is not critically important for our method. As follows from computational results obtained in this study our methods can also be used for highly accurate computations of the excited states in twoelectron atoms and ions. In fact, we have performed some of such calculations. Table III contains our preliminary results for the total energies of the 3 1 S− and 4 1 S−states in the ∞ He atom. As follows from Table III This will allow us to produce very compact and highly accurate wave functions for these states. Computations with the use of very large wave functions (≥ 3000 basis functions) can be avoided for highly excited bound states in two-electron atoms/ions. However, the current situation with highly accurate computations of highly excited singlet S−states (e.g., for the 8 1 S−, 9 1 S−, 10 1 S− and higher singlet S−states) in the helium atoms and helium-like ions is far from satisfaction for our method, since the Hylleraas variational expansion (see, e.g., [4] ) still provides better accuracy for such states (if comparable numbers of basis functions are used in both methods).
Note that our methods allow one to determine the total energies and many other bound state properties to very high numerical accuracy which is quite comparable and even better than analogous accuracy achieved for the ground states. The overall convergence rates observed in calculations of many bound state properties of the excited 2 1 S(L = 0)−states in two-electron helium atoms are relatively high. Briefly, this means that our optimization strategy used to optimize the non-linear parameters in highly accurate wave functions works very well for both ground and excited states in two-electron atoms/ions. This also contains the answer to the third problem mentioned in the Introduction that is the convergence rate for most of the bound state properties of the excited states is not substantially lower than for analogous properties of the ground state. Furthermore, the same optimization procedure has been applied to highly accurate computations of the 2 1 P (L = 1)− and and -2.13316419077928320510251 a.u., respectively [29] . Numerical uncertainties in these values can be evaluated as ≈ 3.5·10 −20 a.u. In other words, these energies and corresponding wave functions are significantly more accurate than known from the modern literature (see, e.g., [2] ).
Our highly accurate method can also be applied to highly accurate calculations of the weakly-bound singlet and triplet excited states in two-electron atoms and ions. These are the n 1,3 S−, n 1,3 P −, n 1,3 D−states with n ≥ 2. Results of these and other similar computations indicate clearly that clusterization of the wave functions plays a very important role for the excited states in two-electron atomic systems. The effect of clusterization for the exponential variational expansion was originally discovered in [30] . For our two-stage method 
where r e = e 2 mec 2 = α 2 a 0 is the classical electron radius. Finally, we obtain the following
This formula can slightly be modified to include other possible distributions of the proton density in the nuclei. The formula given in the main text contains an additional factor f (λ) = (a) The exact value.
